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Multi-scale approaches to granular media have been developed
with a view to deriving macroscopic properties from microscopic
ones, in a sample containing a sufﬁciently large number of parti-
cles. Such sample is referred to as Representative Element Volume
(REV). At the macroscopic level, the description of the REV is con-
tinuous and based on effective properties, whereas at the micro-
scopic level each grain is speciﬁcally described, and therefore
descriptions of this last type are often said to be discrete. The local
features then have to be interpreted at the macroscopic level using
appropriate averaging techniques.
The average stress has been well-established under quasi-static
conditions (see for instance Love, 1927; Weber, 1966; Christoffer-
sen et al., 1981; Mehrabadi et al., 1982; Fortin et al., 2002, 2003).
However, it is necessary in this context to be capable of rigorously
deﬁning the average strain rate. Deﬁning the average strain rate
tensor as a function in microscopic quantities is key to the con-
struction of micromechanical models for granular materials, as
the average strain tensor is constitutively related to the stress ten-
sor under an incremental formalism (Chang and Kuhn, 2005;
Chang and Hicher, 2005; Hicher and Chang, 2005, 2007; Nicot
and Darve, 2005, 2006, 2007a; Nicot and Darve, 2007b; Rahmoun
et al., 2009; Millet et al., 2009).ll rights reserved.
.Various averaging techniques can be used to derive macro-
scopic properties from microscopic ones (see for instance Kruyt
and Rothenburg, 1996; Bagi, 2006). The description of a granular
media in terms of ‘‘piecewise smooth medium’’ leads to complex
expressions (Borghi and Bonelli, 2007). In the realm of granular
material mechanics, numerous expressions for the average strain
rate have been developed and compared by performing numerical
simulations, namely: one that is based on spatial discretization
with a constant local strain rate in each triangular element (Dedec-
ker et al., 2000; Cambou et al., 2000), one that is based on the
method extension to polygonal cells (Kuhn, 1999), one that is
based on a description with spatial cell system and complementary
area vectors (Bagi, 1996), and another that is based on the best ﬁt
hypothesis (Cundall and Strack, 1979), adopted by Liao et al.
(1997), and extended to neighboring grains by Cambou et al.
(2000). Still, few attempts have been made so far to account for
grain rotation in the average velocity gradient.
When grains are assumed to be rigid, and undergo large trans-
lations and rotations, it is necessary to account for the motion of
the void to provide a complete formulation of the granular medium
average deformation gradient. This term contains information
about the collective behavior, such as volume changes (e.g. dilat-
ancy) reﬂecting local trends (e.g. frustration), which cannot be de-
scribed in terms of contact kinematics. Within this framework,
macro-level quantities are strictly deﬁned as the spatial average
of micro-level ﬁelds. Computing average quantities is rather
straightforward in the event of quasi-static evolutions: these
Fig. 1. Granular specimen (REV) composed of grains and intergranular void.
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(Hill, 1972).
However, unlike microstructures that contain inclusions and do
not intersect with the REV boundary, the void domain does inter-
sect with the REV boundary. At all times, the boundary is deﬁned
only from the position of the boundary grain centroids. This leads
to the following: a geometrical boundary, not a material boundary.
In two different cases, it is not deﬁned from the same matter (e.g.
when rotations occur). The motion of a granular material consist-
ing of grains and voids remains to be properly deﬁned on the exter-
nal boundary of the REV. This investigation was designed as a step
forward in this direction. This paper focuses on ﬁnding out
whether the velocity gradient depends on the grain rotation, once
chosen a suitable continuous displacement ﬁeld assigned to the
collection of grains. Section 2 features a brief summary of general
deﬁnitions, and presents the micromechanical framework used, to-
gether with the related assumptions. Expressions for the average
deformation gradient are developed in Section 3 and particularized
for two-dimensional assemblies of circular grains. Section 4 deals
with a discussion on the role of the grain spin. The last section pro-
vides illustrative examples involving simple two-dimensional
grain assemblies.
2. Some general deﬁnitions
2.1. Granular specimen of interest and related average velocity
gradient
Let a granular material specimen be considered, which shall be
identiﬁed with the Representative Elementary Volume (REV) and
composed of N grains (Fig. 1).
As this paper aims at formulating a general deﬁnition of the
average strain tensor for granular materials, the grain and inter-
granular void strains are to be accounted for. The granular speci-
men (hereinafter referred to as REV), with a volume V. At the
current instant in time t, the Eulerian average velocity gradient
tensor of the REV is given by:
@v
@x
 
¼ 1
V
Z
V
@v
@x
dV ð1Þ
The REV comprises a combination of grains with a total volume of
Vg and of the void1 with a total volume of Vv. Therefore V = Vg [ Vv,
which yields:
@v
@x
 
¼ @v
@x
 
g
þ @v
@x
 
v
ð2Þ
with
@v
@x
 
g
¼ 1
V
Z
Vg
@v
@x
dVg ;
@v
@x
 
v
¼ 1
V
Z
Vv
@v
@x
dVv ð3Þ
where @v
@x
 
g
denotes the average velocity gradient of the grains, and
@v
@x
 
v denotes the average velocity gradient of the void.
Let Sg be the surface of the grains with an outward unit normal
reads n, and where Sv, the boundary of the void with an outward
unit normal, also reads n. Then, once the Gauss formula has been
applied, the following is obtained:
@v
@x
 
g
¼ 1
V
Z
@Vg
ðv  nÞdSg ; @v
@x
 
v
¼ 1
V
Z
@Vv
ðv  nÞdSv ð4Þ1 The void denotes here the intergranular space between grains, for two-dimen-
sional or three-dimensional assemblies.Writing the average velocity gradient on this form presumes
that the velocity ﬁeld of the equivalent continuous medium admits
a continuity in the Vv void. Please refer to Section 2.2 for more de-
tails on this issue.
In the next subsections, contributions of the solid phase and the
‘‘void phase’’, respectively @v
@x
 
g and
@v
@x
 
v in expression (4) of the
velocity gradient are investigated. Therefore, both the average
strain tensor
heðvÞi ¼ @v
@x
 s
ð5Þ
and the average spin tensor:
hXðvÞi ¼ @v
@x
 a
ð6Þ
are calculated, where hAis and hAia, respectively denote the symmet-
rical and skew symmetrical part of hAi.
It is worth emphasizing that though a suitable deﬁnition was gi-
ven for the ‘‘voids’’ for 2D and 3D granular assemblies, the topolog-
ical structure of the void space in 2D is basically different from the
topological structure of the void space in 3D. The void space consti-
tutes a continuous space in 3D, where grains are solid inclusions.
As a consequence, generalizing the theory in 3D should account
for this issue. The calculations performed in the sequel are re-
stricted to 2D and the extension to the 3D context remains to be
done.
2.2. Continuity of grain velocity in the void
One difﬁculty in the problem addressed is that the average
deformation of a granular assembly, mainly due to relative dis-
placements of the grains themselves, is directly linked to the ‘‘void
deformation’’. Since only the displacements and velocity of the
grains are usually known, a continuity in of velocity ﬁeld in the
void also needs to be deﬁned. Thus, there emerges ‘‘an equivalent
continuous media’’ with a velocity ﬁeld deﬁned (and if possible
continuous) at each point of the granular assembly. Of course, this
velocity ﬁeld continuity in all the granular assembly is not unique
and a choice must be done. For the sake of consistency in all further
developments, it is required that the grain velocity continuity
throughout the REV enables all the branch vectors that link the
grain centers, in particular at the REV boundary, to turn into other
branch vectors over any loading path. This requirement means that
any line segment must turn into another line segment in the gran-
ular assembly over an inﬁnitesimally small time increment where
the particle translations are very small.
Within the classical framework of continuum mechanics, let
two grains be considered, with centers respectively positioned as
C1 and C2 in the initial conﬁguration, X0 (at time t0). For any given
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tion X(t), and they are positioned at g1 and g2 in the conﬁguration
X(t + Dt) (Fig. 2). Therefore, the following mapping may be
considered:
x : X0 ! XðtÞ
X# xðXÞ ¼ X þ UðXÞ ð7Þ
In order for this mapping to transform a DX line segment into an-
other Dx (Fig. 2), it is assumed that Dx = FDX in a neighborhood
of [C1C2], where F ¼ @x@X denotes the linear tangent application to
the transformation X´ x. Similarly, the transformation F is homo-
geneous and does not depend on the X point considered in a neigh-
borhood of [C1C2]. Therefore, for any current point X 2 [C1,C2], the
following occurs:
x ¼ FX þ T ð8Þ
where T refers to a given translation. As a consequence, the Lagrang-
ian velocity at any X point of the initial X0 conﬁguration reads
VðXÞ ¼ _FX þ _T ð9Þ
where _F denotes the partial derivative of F with respect to time t.
The related Eulerian velocity is then given by:
vðxÞ ¼ _FF1ðx TÞ þ _T ð10Þ
This implies that, for any given ci 2 [c1,c2] 2X(t):
vðxÞ ¼ vðciÞ þ _FF1ðx ciÞ ð11Þ
Thus, the condition that any [c1c2] line segment transforms into an-
other line segment requires the Eulerian velocity ﬁeld (inferred
from the grain velocity in continuity throughout the granular
assembly) to be linear in the vicinity of each line segment [c1c2].
2.3. Application to the calculation of the average velocity gradient
tensor
Thereafter, the investigation is restricted to a two-dimensional
context. The calculation of the void contribution @v
@x
 
v in formula
(4) in the general expression of the average velocity tensor has to
be speciﬁed. To simplify the calculations, grains are ﬁrst assimi-
lated to their center of gravity. Therefore, contribution @v
@x
 
g
in
Eq. (4) vanishes, and a general expression in agreement with the
expressions proposed in the literature is obtained, where the grain
size is neglected.
Let the same granular assembly as in Section 2.1 (Fig. 1) be con-
sidered, where the size of the grains is neglected (the grains are
assimilated to their gravity centers). The branch vector joining
the grains of center ci and ci+1 is noted li,i+1. The boundary of the
granular assembly, constituted by the external branch vectors join-
ing the neighboring grains, is a closed envelop made up of line seg-
ments (see Fig. 3).Fig. 2. Initial and actuAs indicated, in order that any branch vector transforms into
another branch vector during the deformation of the granular
assembly, the transformation F (that deﬁnes the continuity of the
grain velocity in the void) is assumed to be locally homogeneous
in the vicinity of each line segment [CiCi+1].
Fig. 3 is an example of the transformation of the boundary of the
REV. Each external branch vector li,i+1 joining grains i and i + 1 has a
surface Si and a normal ni at time t (in the current conﬁguration
X(t)).
As grains are here assimiled to their gravity centers, the grain
contribution in Eq. (2) vanishes, which gives V = Vv. In that case,
where the grains play no role in the deformation of the granular
assembly, the average velocity gradient tensor reduces to:
@v
@x
 
¼ 1
V
Z
@V
v  ndS ¼ 1
V
XNext
i¼1
Z
Si
vðxÞdS
 !
 ni ð12Þ
where V denotes the volume of the polygon composed of the branch
vectors joining the centers of the grains external to the REV in the
conﬁguration X(t), ni is the unit external normal to @V belonging
to the line segment [cici+1], and Next is the number of grains consti-
tuting the external boundary @V.
Using the velocity continuity in the void deﬁned at Section 2.2,
and expression (11) of the velocity ﬁeld within the granular assem-
bly, results in:Z
Si
vðxÞdS ¼ Siv xGi
  ð13Þ
where xGi ¼ 12 ðci þ ciþ1Þ is the gravity center of the line segment
[ci,ci+1].
The usual expression of the average velocity gradient tensor is
therefore recovered:
@v
@x
 
¼ 1
V
XNext
i¼1
v xGi
  ni 	Si ð14Þ
with
v xGi
  ¼ 1
2
ðvðciÞ þ vðciþ1ÞÞ ð15Þ3. Expression of the average velocity gradient
In what follows, the grain size is accounted for, as well as the
possible rotation contribution in expression (4) of the average
velocity gradient tensor.
3.1. Rigid grains
The calculation of @v
@x
 
g in Eq. (2) is ﬁrst considered. Because
friction exists between grains in contact, they can rotate (Fig. 4).al conﬁgurations.
Fig. 3. Transformation of the external boundary of the specimen.
Fig. 4. REV constituted of N grains which may rotate and of the intergranular void.
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is considered. Let us denote Sgi the surface of grain i and ni the
external unit normal to the grain surface Sgi . The Eulerian velocity
of a generic point x of the rigid grain i reads:
vðxÞ ¼ vðciÞ þxi ^ ðx ciÞ ð16Þ
where ^ denotes the wedge product of two vectors of R3. Then the
expression of the average velocity gradient tensor reduces for the
solid phase to:
@v
@x
 
g
¼ 1
V
XN
i¼1
Z
Sg
i
vðxÞ  nidS
¼ 1
V
XN
i¼1
Z
Sg
i
½vðciÞ þxi ^ ðx ciÞ  nidS ð17Þ
where we recall that N denotes the total number of grains contained
in the REV.
As:
ðx ^ xÞ  a ¼ ðjðxÞxÞ  a ð18Þ
for any vector a, where j(x) is the skew symmetrical tensor of dual
vector x, it follows that
ðx ^ xÞ  a ¼ jðxÞðx aÞ ð19Þ
Moreover, as v(ci) is constant on Sgi :Z
Sg
i
vðciÞ  nidS ¼ vðciÞ 
Z
Sg
i
nidS ¼ 0 ð20Þ
which yields:@v
@x
 
g
¼ 1
V
XN
i¼1
Z
Sg
i
½xi ^ ðx ciÞ  nidS
¼ 1
V
XN
i¼1
jðxiÞ
Z
Sg
i
ðx ciÞ  nidS ð21Þ
Another use of Gauss formula results in:Z
Sg
i
ðx ciÞ  nidS ¼
Z
Vg
i
IdVig ¼ Vgi I ð22Þ
where Vig denotes the volume of grain i. Finally, the contribution of
the solid phase (the rigid grains) in the average velocity gradient
calculated in the REV reduces to:
@v
@x
 
g
¼ 1
V
XN
i¼1
jðxiÞVgi ð23Þ
As a consequence, the average velocity deformation tensor vanishes
for rigid grains, so that:
heðvÞig ¼
@v
@x
 s
g
¼ 0 ð24Þ
In contrast, the average spin tensor does not vanish and reads:
hXðvÞig ¼
@v
@x
 a
g
¼ 1
V
XN
i¼1
jðxiÞVgi
 !
ð25Þ
Therefore, as expected, the grain rotations have no inﬂuence on the
average deformation tensor, but contribute to the average spin ten-
sor. Equivalently, the average deformation of the grain assembly is
‘‘concentred in the void’’.
Remark 1. If the grains have the same velocity rotation wi = w, Eq.
(23) reduces into:@v
@x
 
g
¼ Vg
V
jðxÞ ð26Þ3.2. Void phase
The grain size is now accounted for, and a more complex
boundary envelop consequently needs to be considered (Fig. 5).
The new external branches are formed by the line segment
[xixi+1], where xi belongs to the external surface of grain i and
where xi+1 belongs to the external surface of the neighboring grain
i + 1. Moreover, we consider that the line segment [xixi+1] belongs
to the line (cici+1) joining the centers ci and ci+1 of the neighboring
grains i and i + 1. The surface of the line segment [xixi+1] is denoted
Si, with ni its outward unit normal (see Fig. 5).
Fig. 5. Void phase boundary envelop.
Fig. 6. Model of two neighboring grains.
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composed of the line segments [xixi+1] of surface Si, and of sections
Ci of the i grain boundary. The outward unit normal to Ci is de-
noted ni (see Fig. 5). Hence
@Vv ¼
XNext
i¼1
ðSi [ CiÞ [
XNint
i¼1
Sgi ð27Þ
where we recall that Sgi denotes the boundary (surface) of the inter-
nal grains, and Nint denotes the number of grains belonging to the
inner part of the REV. Obviously, we have N = Nint + Next.
Therefore, the average velocity gradient in the void, without the
contribution of the grains (which will be investigated in a next sec-
tion) matches2:
@v
@x
 
v
¼ 1
V
XNext
i¼1
Z
Si
½vðxÞ  nidSþ 1V
XNext
i¼1
Z
Ci
½vðxÞ  nidC
 1
V
XNint
i¼1
Z
Sg
i
vðxÞ  nidS ð28Þ1
iθ
θ
2
iθ
1−in
1−it
it
in
1e
2e
im
in
x
ic
ia3.2.1. Calculation on the surfaces Si
The contribution of the surface Si of neighboring grains (Fig. 6) is
analysed ﬁrst. For any point x that belongs to the line segment
[xixi+1] of surface Si, as previously, the velocity ﬁeld continuity in
the void is deﬁned by the linear velocity ﬁeld (11). Therefore:
v xGi
  ¼ 1
2
ðvðxiÞ þ vðxiþ1ÞÞ ð29Þ
where xGi ¼ 12 ðxi þ xiþ1Þ denotes the [xixi+1]center of gravity, the
point xi (respectively xi+1) belonging to the outward surface of grain
i (respectively of grain i + 1). In the sections below, the centers of
gravity of i and i + 1 rigid grains are denoted ci and ci+1, and their
velocities v(ci) and v(ci+1) respectively. The grain radii are ai and
ai+1, respectively. Finally, their respective rotation vectors are de-
noted xi and xi+1.
According to those notations, it stands:
1
2
ðvðxiÞ þ vðxiþ1ÞÞ ¼ 12 ½vðciÞ þxi ^ ðxi  ciÞ þ vðciþ1Þ
þxiþ1 ^ ðxiþ1  ciþ1Þ ð30Þ
Let ni be the unit normal vector to the surface Si (external to the
boundary @V) and ti the unit tangent vector oriented towards ci+1,
orthogonal to ni (Fig. 6). Hence:
1
2
ðvðxiÞ þ vðxiþ1ÞÞ ¼ 12 ðvðciÞ þ vðciþ1ÞÞ þ
1
2
ðxi ^ aiti xiþ1 ^ aiþ1tiÞ
¼ 1
2
ðvðciÞ þ vðciþ1ÞÞ þ 12 ðaijðxiÞ  aiþ1jðxiþ1ÞÞti
ð31Þ2 The result does not depend on the sense of integration chosen on Sgi and Ci.The velocity of the gravity center reads:
v xGi
  ¼ 1
2
ðvðciÞ þ vðciþ1ÞÞ þ 12 ðaijðxiÞ  aiþ1jðxiþ1ÞÞti ð32Þ
which results in:Z
Si
vðxÞ  nidS ¼ Siv xGi
  ni ¼ Si2


ðvðciÞ þ vðciþ1ÞÞ
þ 1
2
ðaijðxiÞ  aiþ1jðxiþ1ÞÞti

 ni ð33Þ
A generalization of this deﬁnition to any assembly of N grains, with
Next grains on the external boundary, gives:
XNext
i¼1
Z
Si
vðxÞdS
 !
 ni ¼
XNext
i¼1
Si
2


ðvðciÞ þ vðciþ1ÞÞ
þ 1
2
ðaijðxiÞ  aiþ1jðxiþ1ÞÞti

 ni ð34Þ3.2.2. Contribution of the surfaces Ci
The contribution of Ci surfaces (involved in the right-hand side
of Eq. (28)) to the average velocity gradient tensor needs to be
computed. For this purpose, let a grain i, with a ci center of gravity
be considered (Fig. 7). The grains being rigid, the velocity ﬁeld at
any point x on Ci is given by Eq. (16).
As previously, let ni be the outward unit vector normal to @V on
Ci and mi the inward normal vector to Ci such as xi  ci = aimi.
Then, according to the orientation of the normal chosen (ni = mi):Z
Ci
vðxÞ  nidCi ¼ 
Z
Ci
vðciÞ midC
Z
Ci
ðxi ^ aimiÞ midC
ð35ÞFig. 7. Global and local frames. Notations adopted.
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to:Z
Ci
vðxÞ  nidC ¼ aijðxiÞ:
Z
Ci
ðmi miÞdC
Z
Ci
ðvðciÞ miÞdC
ð36Þ
Extending the summation to all the surfaces Ci yields:
XNext
i¼1
Z
Ci
½vðxÞ  nidC ¼ 
XNext
i¼1
aijðxiÞ:
Z
Ci
ðmi miÞdC
"
þ
Z
Ci
ðvðciÞ miÞdC
#
ð37Þ
Using result (23) to compute the last term of expression (28), the
total average velocity gradient tensor of the intergranular void
writes:
@v
@x
 
v
¼ 1
V
XNext
i¼1
Si
2
"
ðvðciÞ þ vðciþ1ÞÞ
"
þ 1
2
ðaijðxiÞ  aiþ1jðxiþ1ÞÞti

 ni
 aijðxiÞ 
Z
Ci
ðmi miÞdC
Z
Ci
ðvðciÞ miÞdC
#
 1
V
XNint
i¼1
jðxiÞVgi
ð38Þ
Finally, the following expression of the average velocity gradient
throughout the REV, including the contribution of the grains and
of the intergranular void, is obtained as a consequence:
@v
@x
 
¼ 1
V
XNext
i¼1
"
Si
2
ðvðciÞ þ vðciþ1ÞÞ þ12 ðaijðxiÞ  aiþ1jðxiþ1ÞÞti

 
 ni
 aijðxiÞ 
Z
Ci
ðmi miÞdC
Z
Ci
ðvðciÞmiÞdCþ jðxiÞVgi
#
ð39Þ
It is important to quote that as N = Nint + Next, the contribution of
grains belonging to the inner part of the REV disappears. Only the
contribution of grains belonging to the external boundary of the
REV are involved in Eq. (39).
3.2.3. Simpliﬁcation along Ci
In order to streamline the calculations for the integrals involved
in expression (39), the parametrisation of Ci represented on Fig. 7
is adopted. The angle h along Ci varying from h
1
i to h
2
i when Ci is
considered in the trigonometric sense (oriented by the vector ti).
Moreover, it can be written that:
h1i ¼ hi1  p and h2i ¼ hi ð40Þ
where hi and hi1 respectively match the oriented angles between e1
axis and the ti vector (respectively ti1).
If follows that:
mi ¼
cos h
sin h
0
0
B@
1
CA ð41Þ
and therefore:
Z
Ci
ðmi miÞdC ¼ ai
R h2i
h1i
cos2 hdh
R h2i
h1i
cos h sin hdh 0
R h2i
h1i
cos h sin hdh
R h2i
h1i
sin2 hdh 0
0 0 0
0
BBBBB@
1
CCCCCA¼ ai
1
2Dhi þ 14 sin 2h2i  sin 2h1i
 	
1
2 sin
2 h2i  sin2 h1i
h i
0
1
2 sin
2 h2i  sin2 h1i
h i
1
2Dhi  14 sin 2h2i  sin 2h1i
 	
0
0 0 0
0
BBB@
1
CCCA
with
Dhi ¼ h2i  h1i ð42Þ
Eventually, it stands:Z
Ci
ðmi miÞdC ¼ ai2 DhiI þ
1
2
aiRi ð43Þ
where:
Ri ¼
1
2 sin 2h
2
i  sin 2h1i
 	
sin2 h2i  sin2 h1i 0
sin2 h2i  sin2 h1i  12 sin 2h2i  sin 2h1i
 	
0
0 0 0
0
B@
1
CA ð44Þ
Furthermore, within the speciﬁc two-dimensional framework of
interest in this paper (grains modeled by rigid disks), xiþ1 ¼ x^iþ1e3
where (e1,e2) denotes the plane containing the grains (considered
equivalent to rigid disks), and e3 as the direction of the rotation
axis of grains (perpendicular to the plane containing the grains).
It is worth noting that the velocity rotation x^i can be negative.
Thus:
jðxiÞ ¼ x^i
0 1 0
1 0 0
0 0 0
0
B@
1
CA ð45Þ
which can be expressed as:
jðxiÞ ¼ x^iR ð46Þ
where R ¼
0 1 0
1 0 0
0 0 0
0
@
1
A denotes the classical skew-symmetrical
matric of rotation of p2 in the plane (e1,e2) around e3. As a
consequence:
aijðxiÞ:
Z
Ci
ðmi miÞdC ¼ x^ia2i
Dhi
2
Rþ Ti
2
 
ð47Þ
where Ti = RRi is deﬁned by
Ti ¼
 sin2 h2i  sin2 h1i
h i
1
2 sin 2h
2
i  sin 2h1i
 	
0
1
2 sin 2h
2
i  sin 2h1i
 	
sin2 h2i  sin2 h1i
h i
0
0 0 0
0
BBB@
1
CCCA ð48Þ
Still, the second integral involved in expression (39) can be simpli-
ﬁed. As v(ci) is constant for each grain i, it reads:Z
Ci
ðvðciÞ miÞdC ¼ aivðciÞ 
Z h2i
h1i
midh ð49Þ
according to the sense of circulation chosen. As:
Z h2i
h1i
midh ¼ ai
sin h2i  sin h1i
 cos h2i þ cos h1i
0
0
B@
1
CA ¼ ðni1 þ niÞ ð50Þ
with
ni ¼
 sin h2i
cos h2i
0
0
B@
1
CA and ni1 ¼
sin h1i
 cos h1i
0
0
B@
1
CA ð51Þ
the following may be obtained:
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Ci
ðvðciÞ miÞdC ¼ aivðciÞ  ðni1 þ niÞ ð52Þ
Finally, using Eq. (46) and the Rti = ni property for two-dimensional
grains, expression (39) of the average velocity gradient tensor is re-
duced as follows:
@v
@x
 
¼ 1
V
XNext
i¼1
Si
2
ðvðciÞ þ vðciþ1ÞÞ  ni þ Si2 aix^i  aiþ1x^iþ1ð Þni  ni

 
þ 1
V
XNext
i¼1
a2i x^i
Dhi
2
Rþ Ti
2
 
þ x^iVgi R

 
þ 1
V
XNext
i¼1
½aivðciÞ  ðni þ ni1Þ ð53Þ
Interestingly, the last term in expression (53) can be expressed dif-
ferently. Indeed:
XNext
i¼1
½aivðciÞ  ðni þ ni1Þ ¼
XNext
i¼1
aivðciÞ  ni þ
XNext
i¼1
aivðciÞ  ni1 ð54Þ
As the summation on the grains is cyclic (the (N + 1)th grain corre-
sponds to the 1st grain), it reads:
XNext
i¼1
½aivðciÞ  ðni þ ni1Þ ¼
XNext
i¼1
½aivðciÞ þ aiþ1vðciþ1Þ  ni ð55Þ
Finally, summing the ﬁrst and the last terms of expression (53), re-
sults in:
XNext
i¼1
Si
2
ðvðciÞ þ vðciþ1ÞÞ  ni

 
þ
XNext
i¼1
½aivðciÞ þ aiþ1vðciþ1Þ  ni
¼
XNext
i¼1
ðSi þ ai þ aiþ1Þ
2
ðvðciÞ þ vðciþ1ÞÞ  ni


þ ðaiþ1  aiÞ
2
vðciþ1Þ  vðciÞð Þ  ni

ð56Þ
Accordingly, the general expression of the average velocity gradient
tensor for two-dimensional grains reads:
@v
@x
 
¼ 1
V
XNext
i¼1
ðSi þ ai þ aiþ1Þ
2
ðvðciÞ þ vðciþ1ÞÞ  ni


þ ðaiþ1  aiÞ
2
vðciþ1Þ  vðciÞð Þ  ni

þ 1
V
XNext
i¼1
Si
2
ðaix^i  aiþ1x^iþ1Þni  ni

 
þ 1
V
XNext
i¼1
a2i x^i
Dhi
2
Rþ Ti
2
 
þ x^iVgi R

 
ð57ÞRemark 2. An important result already highlighted is that only the
contribution of grains belonging to the external boundary of the
REV are involved in expression (57) of the average velocity tensor.
The contribution of the internal grains has disappeared.3 o(X) denotes a quantity negligible with respect to X.4. Discussion on the role of grain spin
The general expression of the mean velocity gradient in a gran-
ular specimen is once more considered. Eq. (57) involves both v(ci)
velocity andxi ¼ x^ie3 spin for each grain i, whose center of mass is
positioned as ci. To analyse the contribution of both v(ci) and x^i,
respectively, it is useful to remind the general deﬁnition of the
Eulerian velocity v(ci) for any given point x belonging to Ci surface
(Eq. (16)).The granular assembly is assumed to be balanced under a pre-
scribed external loading, so that the loading directs macro-homo-
geneous strain and stress ﬁelds within the specimen in the sense
given by Hill (1967). The incremental displacement du of a material
point of position x that belongs to the volume boundary is a homo-
geneous function of degree one with respect to the position x. Thus
Euler identity reads:
dui ¼ @ðduiÞ
@xj
xj ð58Þ
Thus,
vðciÞ ¼ @v
@x
ci ð59Þ
Both Eqs. (58) and (59) show that the velocity of any grain center of
mass involves a characteristic length (Lv = kcik) that scales with the
size of the specimen, whereas the spin of the grain involves the
characteristic length (Lx = kx  cik) that scales with the radius of
the grain. Assuming that the specimen contains a large number of
grains implies that3 Lx = o(Lv). As a consequence, the contribution
of the grains rotation is expected to be of a second order of magni-
tude with respect to that of the velocity of the grains in the average
velocity gradient. This question is investigated in what follows.
Eq. (57) comprises ﬁve terms and may read as follows:
@v
@x
 
¼ T1 þ T2 þ T3 þ T4 þ T5 ð60Þ
with
T1 ¼ 1V
XN
i¼1
ðSi þ ai þ aiþ1Þ
2
ðvðciÞ þ vðciþ1ÞÞ  ni ð61Þ
T2 ¼ 1V
XN
i¼1
ðaiþ1  aiÞ
2
ðvðciþ1Þ  vðciÞÞÞ  ni ð62Þ
T3 ¼ 1V
XN
i¼1
Si
2
ðaix^i  aiþ1x^iþ1Þni  ni ð63Þ
T4 ¼ 1V
XN
i¼1
a2i x^i
Dhi
2
Rþ Ti
2
 
 
ð64Þ
T5 ¼ 1V
XN
i¼1
x^iVgi R ð65Þ
Thereafter, it is assumed that the order of magnitude of the ra-
dius ai of each grain i is equal to Lx. Likewise, according to Eq. (59),
the order of magnitude of the velocity v(ci) is given by Lv @v@x
  	
,
where [A] denotes the order of magnitude of any term A. The order
of magnitude [Tk] of each term Tk can be analyzed, as follows:
½T1 ¼ NV ð½S þ 2LxÞLv
@v
@x
 
 
ð66Þ
½T2 ¼ NV oðLxÞLv
@v
@x
 
 
ð67Þ
½T3 ¼ NV ½SLx½x^ ð68Þ
½T4 ¼ NV L
2
x½x^ ð69Þ
½T5 ¼ NV L
2
x½x^ ð70Þ
Therefore, as
@v
@x
 
 
¼ ½T1 þ ½T2 þ ½T3 þ ½T4 þ ½T5 ð71Þ
the following can be written
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@x
 
 
¼ N
V
ð½S þ 2Lx þ oðLxÞÞLv @v
@x
 
 
þ N
V
ð½S
þ 2LxÞLx½x^ ð72Þ
which yields, after rearranging the terms:
V
NLxLv
@v
@x
 
 
¼ ½S
Lx
þ 2þ oð1Þ
 
@v
@x
 
 
þ 1
N
½S
Lx
þ 2
 
½x^ ð73Þ
Assuming that [S] ’ Lx, and noting that V ’ L2v with Lv ’ NŁx, Eq.
(73) shows that T1 and T2 terms involving the velocity of particles
contribute in a order 1 to the average velocity gradient, whereas
T3, T4 and T5 terms involving the particle spin contribute by 1/N.
Accordingly, the contribution of particle spin, in a specimen con-
taining a large number of grains (REV), is of minor magnitude with
regard to the velocity of particles. Therefore, Eq. (57) can be ex-
pressed as follows, without the terms involving the grain spin:
@v
@x
 
’ 1
V
XN
i¼1
ðSi þ ai þ aiþ1Þ
2
ðvðciÞ þ vðciþ1ÞÞ  ni
þ 1
V
XN
i¼1
ðaiþ1  aiÞ
2
vðciþ1Þ  vðciÞð Þ  ni ð74Þ
which also results in:
@v
@x
 
’ 1
V
XN
i¼1
Si
vðciÞ þ vðciþ1Þ
2
 ni
þ 1
V
XN
i¼1
ðaivðciÞ þ aiþ1vðciþ1ÞÞ  ni ð75Þ
In conclusion, the spin of grains only contributes at a minor level to
the average velocity gradient of a representative granular specimen
containing a large number of grains. For a granular specimen con-
taining only a few grains, the grain spin is of the same order of mag-
nitude as other contributions and cannot be neglected, as shown in
the examples featured in Section 5.
5. Illustrating examples
Throughout this section, two examples illustrating the applica-
tion of Eq. (57) and the contribution of grain size to the average
deformation velocity tensor and to the average spin tensor are con-
sidered. As it was shown that only the grains belonging to the
external boundary contribute to the average velocity gradient ten-
sor, the internal grains are omitted throughout the following
examples.
5.1. Simple four grain assembly
The ﬁrst example considered is an assembly of four grains of the
same radius a, and with C1 to C4 grain centers positioned at the four
corners of a square of size 2a (Fig. 8).
The medium that comprises the four grain assembly is assimi-
lated to a continuum media which is deformed by the shear
mapping:
x1 ¼ 2gðtÞx2 þ X1
x2 ¼ X2
x3 ¼ X3
8><
>: ð76Þ
where (X1,X2,X3) denotes the Lagrangian coordinates (of the initial
conﬁguration) and g(t) is the intensity of shear velocity. This trans-
formation of continuum media classically typically leads to the
Eulerian velocity:
vðxÞ ¼
2 _gx2
0
0
0
B@
1
CA ð77ÞHence, the related average velocity gradient tensor reads:
@v
@x
¼
0 2 _g 0
0 0 0
0 0 0
0
B@
1
CA ð78Þ
This produces the average deformation velocity tensor and the aver-
age rotation tensor:
eðvÞ ¼
0 _g 0
_g 0 0
0 0 0
0
B@
1
CA and XðvÞ ¼
0 _g 0
 _g 0 0
0 0 0
0
B@
1
CA ð79Þ
A pure shear strain tensor e(v) and a rotation tensor XðvÞ ¼ jð _ge3Þ
associated with a rotation (of angle  _g around e3) are recovered.
5.1.1. Grains assimilated to their centers of gravity
The subject matter is now to infer such a result from the study
of the rigid grains considered equivalent to their center of gravity
and from applying formula (57) with ai ¼ 0;Vgi ¼ 0, and Si = 2a.
According to the associated continuous problem of interest (map-
ping (76)), the velocity of the grain centers ci reads:
vðc1Þ ¼ vðc4Þ ¼ 0
vðc2Þ ¼ vðc3Þ ¼ 4 _gae1

ð80Þ
As previously, the outward normal to the line segment that links ci
to ci+1 is denoted ni. As the grains are assumed to stay in contact, the
relation Si = 2a remains during the deformation. Expression (57) of
the average velocity tensor reduces to:
@v
@x
 
¼ 2a
V
vðc2Þ
2
 n1 þ vðc2Þ þ vðc3Þ2  n2 þ
vðc3Þ
2
 n3

 
ð81Þ
As n3 = n1 and v(c2) = v(c3), the ﬁrst and third terms disappear, and
the last expression leads to:
@v
@x
 
¼ 8a
2 _g
V
1
0
0
0
B@
1
CA
0
1
0
0
B@
1
CA ¼ 8a2
V
0 _g 0
0 0 0
0 0 0
0
B@
1
CA ð82Þ
The average velocity deformation tensor and average rotation ten-
sors thereby express:
heðvÞi ¼ 4a
2
V
0 _g 0
_g 0 0
0 0 0
0
B@
1
CA and hXðvÞi ¼ 4a2
V
0 _g 0
 _g 0 0
0 0 0
0
B@
1
CA
ð83Þ
When the grain size is overlooked, the volume V of the specimen
considered is the square sum of 2a length that links grain centers.
Thus V = 4a2 and expressions (86) and (79) of the average velocity
gradient, deformation velocity and spin tensors are recovered.
5.1.2. Taking the grain size into account
The complete formula (57), including the grain size is now
considered.
The selected parametrization (Fig. 9) results in:
h11 ¼ 0; h21 ¼
p
2
h12 ¼ 
p
2
; h22 ¼ 0
h13 ¼ p; h23 ¼
3p
2
h14 ¼
p
2
; h24 ¼ p
ð84Þ
Hence Dhi ¼ p2 and
P4
i¼1Dhi ¼ 2p. The contribution of the Ti tensors
given by (48) can be computed. According to h1i and h
2
i values pro-
vided by (84), it follows that:
Fig. 8. Example of a four grain assembly.
Fig. 9. Parametrization chosen for the four grain assembly.
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1 0 0
0 1 0
0 0 0
0
B@
1
CA T2 ¼ T4 ¼
1 0 0
0 1 0
0 0 0
0
B@
1
CA ð85Þ
Hence
P4
i¼1Ti ¼ 0. Finally, taking the grain size into account and
considering that all grains have the same xi =x rotation velocity
(for i = 1 to 4), Eq. (57) expresses as:
@v
@x
 
¼ a
2
V
0 8 _g 3px 0
3px 0 0
0 0 0
0
B@
1
CA ð86Þ
The following expression of the average deformation velocity tensor
can be derived:
heðvÞi ¼ 4a
2
V
0 _g 0
_g 0 0
0 0 0
0
B@
1
CA ð87Þ
and the average spin tensor calculated on the REV expresses as:hXðvÞi ¼ a
2
V
0 4 _g 3px 0
4 _gþ 3px 0 0
0 0 0
0
B@
1
CA ð88Þ
As a conclusion, taking the grain size and rotation into account does
not alter the average deformation velocity, which is always related
to ‘‘the void phase’’. However, the expression of the average spin
tensor is altered when grain size are taken into account. A supple-
mentary term appears, that matches the grain rotation.
Remark 3. In the particular case where all grains have the same
radius ai and rotation velocity x^i, Eq. (57) can be reduced. Indeed,
in this case, for any closed convex boundary @V of the envelop of
grains constituting the REV, the following holds:
XN
i¼1
Ti ¼ 0 ð89Þ
XN
i¼1
Dhi ¼ ðN  2Þp ð90Þ
Proof stems from the deﬁnitions (40) of h1i ¼ hi1  p and h2i ¼ hi,
and from the deﬁnition (42) of Dhi. Thus, the summation on i of
the components of Ti leads to:
XN
i¼1
sin2 h2i  sin2 h1i
h i
¼
XN
i¼1
sin2 hi  sin2 hi1
h i
¼ sin2 hN  sin2 h0
XN
i¼1
sin 2h2i  sin 2h1i
 	 ¼XN
i¼1
½sin 2hi  sin 2hi1 ¼ sin 2hN  sin 2h0
Finally, as the summation on the grains is cyclic, the Nth grain
matches the 0th grain (or similarly the (N + 1)th grain matches
the 1th grain), and hN = h0. Therefore, proof of property (89) is ob-
tained. The result given in Eq. (90) stems from the summation prop-
erty of a closed polygon angles.5.2. Case of an assembly with a regular square contour
5.2.1. Rotation velocities
As part of a generalization of the four grains case, a larger spec-
imen with N + 2 grains along each side is considered (Fig. 10). The
contour comprises 4(N + 1) grains, regularly arranged along all four
sides. First, it is assumed that each grain has the same rotation
velocity x^ around e3 axis (orthogonal to the plane that contains
the grains), without translational velocity. Then, the general rela-
tion (57) is reduced to:
Fig. 11. Computation of term Dhi.
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@x
 
¼ 1
V
X4ðNþ1Þ
i¼1
pa2x^R 1
2
a2x^ðDhiRþ TiÞ

 
ð91Þ
As
P4ðNþ1Þ
i¼1 Ti ¼ 0 accounting to Remark 3, Eq. (91) ﬁnally results in:
@v
@x
 
¼ 1
V
X4ðNþ1Þ
i¼1
p 1
2
Dhi

 
a2x^R ð92Þ
Computation Dhi term calls for a differentiation to be made be-
tween two cases, as shown in Fig. 11: grains located at the corners,
and the other grains of the contour. Thus, Eq. (92) can be expressed
as:
@v
@x
 
¼ 1
V
4ðN þ 1Þp 4p
4
 4Np
2
h i
a2x^R ð93Þ
which, once reduced, results in:
@v
@x
 
¼ 1
V
2ðN þ 3Þpa
2x^
V
R ð94Þ
It should be noted that the four particle case can be retrieved from
Eq. (94) when N = 0. Moreover, observing that the volume expresses
as V = 4(N + 1)2a2 + p(2N + 3)a2, results in V scaling to 4N2a2. Hence,
@v
@x
 
¼ 0 1
N
 
R ð95Þ
As inferred in Section 4, the average velocity gradient becomes neg-
ligible when the number of particles is high.
5.2.2. Translational velocities
The same granular assembly as described in Fig. 10 is consid-
ered. Grains are assumed to have no rotation velocity, but the
whole assembly is subjected to a shear mechanism. Each particle
whose center has an x2 ordinate is affected by a v ¼ 2 _gx2e1 veloc-
ity, as in the example given in Section 5.1 (see (77)).
Then, Eq. (57) is reduced to:
@v
@x
 
¼ a
V
X4ðNþ1Þ
i¼1
ðvðciÞ þ vðciþ1ÞÞ  ni ð96Þ
The grain count may be deﬁned as follows: for the grain i,
i = (p  1)(N + 1) + q, with p 2 [1, . . . ,4] and q 2 [1, . . . ,N + 2], where
p refers to the side where is located the grain. Therefore, each grain
can be described by number i or couple (p,q). The origin of theFig. 10. Regular pattern of grains. Only the contour is represented.frame is located at the 1st grain center calculated at the
corner on the left and at the bottom of the pattern (Fig. 12). It
should be noted that, for each corner grain, i = (p  1)(N +
1) + N + 2 = p(N + 1) + 1. Accordingly, these grains (p,N + 2) =
(p + 1,1) belong to both p and p + 1 adjoining sides. Thus, Eq. (96)
can be expressed as follows:
@v
@x
 
¼ a
V
X4
p¼1
XNþ1
q¼1
ðvðciÞ þ vðciþ1ÞÞ  np ð97Þ
with i = (p  1)(N + 1) + q and p 2 [1, . . . ,4]. As v(ci(p=1)) = v(ci(p=3))
and n1 = n3 (see Fig. 12), it is worth noting that:
XNþ1
q¼1
ðvðciÞ þ vðciþ1ÞÞ  n1 ¼ 
XNþ1
q¼1
ðvðciÞ þ vðciþ1ÞÞ  n3 ð98Þ
In addition, as all grains where the center belongs to x2 = 0 axis have
zero velocity, we have
XNþ1
q¼1
ðvðciÞ þ vðciþ1ÞÞ  n4 ¼ 0 ð99Þ
Therefore, Eq. (98) is reduced to:
@v
@x
 
¼ a
V
X4ðNþ1Þ
i¼1
ðvðciÞ þ vðciþ1ÞÞ  n2 ð100Þ
with i = (N + 1) + q. As vðciÞ ¼ 2 _gx2e1, Eq. (57) eventually results in
the following for ci = (N + 1)a:
@v
@x
 
¼ 4ðN þ 1Þ
2a2
V
0 _g 0
0 0 0
0 0 0
0
B@
1
CA ¼ 4ðN þ 1Þ2a2
V
_ge1  e2 ð101Þ
where we recall that a denotes the radius of grains. Finally, as the
volume V scales to 4N2a2(V ’ 4N2a2), the following is obtained:
@v
@x
 
¼ A _ge1  e2 ð102Þ
where A ¼ 4ðNþ1Þ2a2V is of the order of the unity (A = O(1)).
Therefore, when particles are subjected to a translational veloc-
ity ﬁeld, the average velocity gradient is shown to scale to a ﬁnite
quantity ð _ge1  e2Þ when the number of particles increases.
Fig. 12. Regular pattern of grains. Only the contour is represented.
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This paper has investigated the role of particle rotations in the
overall deformation of granular assemblies. For a granular speci-
men that contains only a limited number of grains, the grain spin
has a similar order of magnitude as the other contributions and
may not be overlooked in the calculation of the average velocity
gradient tensor, even though it contributes essentially to the aver-
age rotation tensor. Oppositely, for a representative granular spec-
imen that contains a large number of grains, the grain spin only
contributes at a minor level to the average velocity gradient and
can be overlooked. The result remains accurate even in the pres-
ence of an internal (static or ﬂowing) ﬂuid in the void space be-
tween the grains. Such result comes as an explanation for the
standard micromechanical approaches, where a constituent rela-
tion at the macroscopic level is inferred from the local behavior
on the contact scale. The contact scale is usually described by a
constitutive law in relation to the relative displacement between
adjoining grains, and the resulting contact force. Consequently,
particle rotation does not take place directly in the constituent
relation. Particle rotation only accounts for a portion of the relative
displacements, with a counterpart being ensured by the translation
motion of the particles.
Indeed, one may wish to understand which physical term is
capable of revealing the existence of grain rotation. As a matter
of fact, grain rotation appears as a source of dissipation within
the assembly that can be evidenced from computing the dissipated
energy over an incremental loading. As an example, a presumed
buckling of force chains may be brought up. As shown in Tordesi-
llas and Muthuswamy, 2009; granular assemblies may be affected
by a variety of instability modes that are localized or diffuse (Darve
et al., 2004; Nicot and Darve, 2010). Some recent discrete element
simulations have investigated the microstructural origin of such
macroscopic instabilities, putting forward the crucial role played
by grain rotation in the persistence of force chains. Force chains
are known to support and transmit important contact forces, andare consequently responsible for the material strength. When the
sustaining effect directed by the neighboring grains in force chains
is not sufﬁcient to stabilize them, a rotation of constituting grains
may occur and lead to the abrupt collapse of the chain. This is an
important dissipative mechanism that affects granular masses,
inducing rapid microstructure changes. The manuscript was meant
to address the role of grain spin in the overall kinematics within a
granular assembly. The link between grain rotation and dissipative
mechanisms will be considered in a forthcoming paper.
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